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ABSTRACT: Let G(V,E) be a simple graph E.Sampath kumar and L.Puspalatha introduce ed the concept of strong
and weak domination in graph[5]. In this paper this concept is extended to efficient domination in jump graphs. A
subset S of V(J(G)) is called strong (weak) efficient dominating set of J(G) if every v€ V(J(G)). | Ny(v)n S}]=1 (
[Nw(v)N S)|= 1) where Ny(v) = { u€ VJ(G)) uveEJ(G))}, deg(u) >deg(v) and N, (v)= Ny(v) U {v},

Ny(v) = Ny(v) U {v}. The minimum cardinality of a strong(weak) efficient dominating set is called strong (weak)
efficient dominating number of J(G) and is denoted by VeJ(G)) (NyeTG)).

A graph is strong efficient if there is a strong efficient dominating set. In this paper we find classes of graphs which are
strong efficient and compare strong efficient dominating number with Vy(J(G)), rs(J(G)), i\(J(G)) and B (J(G))
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I. INTRODUCTION

Throughout this paper we consider finite, undirected simple graphs. Let G=(V,E) be a graph. The degree of any vertex
u in G is the number of edges incident with u and is denoted by deg u.
The minimum and maximum degree of a vertex is denoted by 6(G) and A(G) respectively. A vertex of degree in g is
called an isolated vertex and a vertex of degree 1 is called a pendent vertex, for all graph theoretic terminologies and
notations we follow Harary[4]. The following definitions are necessary for the present study.
1.1 Definition: A subset M of E(J(G)) is called a matching in J(G) if its elements are edgesand no two
two are adjacent in J(G)the two ends of an edge in M are said to be matched under M. A matching M saturates a vertex
v and v is said to be m-saturated. If every vertex of J(G) is M-saturated then the matching M is called perfect.
1.2 Definition: A suset S of V(J(G)) of a jump graph J(G) is called a dominating set if every vertex in V(J(G))-S
adjacent to a vertex in S. The domination number V(J(G)) is the minimum cardinality of a dominating set of J(G).
1.3 Definition : A subset S of V(J(G)) is called a strong dominating set of J(G) if every v€EV(J(G))-S, there exists
u€S such that u and v are adjacent and deg u > deg v.
14 Definition: An subset S of V(J(G)) is called as efficient dominating set of G if every v € V(J(G)) [N(v) n S|=1

A set of points is independent if no two point are adjacent.

A strong dominating set of J(G) which is also independent is called independent strong dominating set of J(G).

The minimum cardinalities of the independent strong dominating set of J(G) is called an independent strong
domination number of J(G) and is denoted by i,(J(G)). The maximum cardinality of an independent strong domination
number of J(G) is denoted by B,(J(G)) Motivated by these definitions, we have defined a new type of domination called
strong efficient jump gaph, if it admits a strong efficient dominating set. The minimum cardinality of a strong efficient
dominating set is called the strong efficient domination number of J(G) and is denoted by Vo (J(G)).
In this paper we classify graphs which are strong efficient and compare strong efficient domination number with
V(J(G)), RJ(G)), iJ(G)) and

B s (J(G)) we have proved that there are graphs in which several strong efficient dominating sets of different
cardinalities exists which is interesting in this sense that all efficient dominating sets have the same cardinality
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II. MAIN RESULTS

Definition 2.1: Let J(G) = (V, E) be a jump graph. a sub set of V(J(G)) is called a strong(weak)efficient dominating
set of J(G) if for every v€ V(J(G)) |[Ny[vlNn S |=1
(INy[v] N S |=1) where Ny(v) = { u €VJ(G)) ; uv € E(J(G)), degu>deg v } and

where N, (v) = { u eVJ(G)) ; uv € EJ(G)), deg v>degu }

Ns(v) = Ny(v) U {v} and N(v) = Ny(v) U {v}. The minimum cardinality of a strong (weak) efficient dominating set
of G is called the strong (weak) efficient domination number of G is strong efficient if and only if there exists a strong
efficient dominating set of J(G). Not all graphs admit strong efficient dominating set.

Theorem 2.1; V,(J(G)) < V(J(G))

Proof: Let S be a minimum strong efficient dominating set of J(G).

Let v € J(V)—Sthen |NyvInS|=1

i.e., there exists u € S such that u and v are adjacent and deg u > deg vtherefore S is a strong dominating set of J(G),
therefore  Vy(J(G)) < Vse(J(G))

Theorem 2.2. Every strong efficient dominating set is independent.

Proof; Let S be a strong efficient dominating set

i.e., u,v € S suppose u and v are adjacent let without loss of generality deg u > deg v then | Ny[v] N S | > 2 a
contradiction. Therefore S is independent.

Theorem 2.3. If S is a strong efficient dominating set of a connected graph J(G) then J(V) — S is a dominating set of
I(G).

Proof: Since every strong efficient dominating set is independent and G is connected, every vertex in S is adjacent to
atleasdt one vertex in J(V)-S.

Therefore J(V)-S is a dominating set of J(G).

Remark 2.4. If S is a strong efficient dominating set o J(G) then J(V)-S need not be a weak dominating set of J(G).
Observation 2.5. Let J(G) be a connected jump graph with at least 2 pendent vertices and Vi (J(G)) =1. Then J(G)
has no perfect matching.

( since Ve (J(G)) =limplies that J(G) has a full degree vertex)

Theorem 2.6; Let J(G) be a connected graph at [V(J(G))|=n (n is even) if

V(J(G)) > g then J(G) has no perfect matching.

Proof: Let S be a V.-set of a connected jump graph J(G) as [VJ(G))|=n.

Let [S\=t since V(J(G)) >7, t> .2

Suppose that G has a perfect matching M. Then every vertex of J(G) is M-saturated. Therefore every vertex of S is M-
saturarted. Since S is independent every line of M has either one end in S and other end in V — S or both ends in V — S.
Since M is a perfect matching [M|= 2 But [S|=t> g . Therefore

t- = vertices of S and M-unsaturated, a contradiction. Therefore J(G) has no perfect matching.

Note: iiJ(G)) < V.(J(G)) < B,(J(G))
Definition 2.7[4] A regular spanning sub graph of degree 1 is called 1-factor (1F)

Theorem 2.8. K, , -1F is strong efficient and Vel Kyn-1F)=2 Vn €N
Proof: Let G =K, ,-1F
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Let VU(G))={ Vi, Vo, V3purrnnn... Vp, Up, Up, Us,......... u,} Since we remove 1F from K, , degree of each vertex is reduced
ton-1.

Each v, is not adjacent to one u; Vi=1and V j=1ton Since { u;, u; } is a strong efficient dominating set.

Hence V. (K,,-1IF)=2Vn €N

Theorem 2.9. [ K, ] is a strong efficient and Vo(J(K,)) =1n*3n+4 _where

- 2
p=[|VUJ(Ky)
Proof: let n>3, let v, vy, vs,.....v, be the vertices of K. let J(G) = J(K,).
VUXKY) ={ vi, Vo, V3yennn... Vy Up, Up, Us,....... U, By definition of [K,] each u; is adjacent to exactly 2 vertices in K,,.
Therefore |[v(J(K,))|=p=n+nC2=n+ @ =n’-n
- 2
A (J(G)) = deg v; for any I, i=1 to n.
Each v; is adjacent to the remaining 9n-1) v;-’s and (n-1) u;’s
A (J(G)) = (n-1) +(n-1) = 2n-2

Total number of u;’s = nC2 = @: ﬁ

2
Therefore number of u;’s which are not adjacent to v; = n’-n - (n-1)

2
=n’-3n+1 these u;’s together with v;’s form a strong efficient dominating set S of
2
J(G).
Veeaay < 0°=3n+1

2
Let T be any strong efficient dominating set of J(k,). Since T is independent, T can contain atmost one v;’s 1 <i<n.
Since

for any n > 3, no u; can strongly dominate any v; T contains atleat one v; (1 <i<n ) Therefore T contains exactly one
Vi.

Any u; can dominate only two v;’s and all u;’s are independent Therefore T contain all u;’s not adjacent with the v; € T
therefore [T|> 1+n’n - (n-1)

2
=n"—3n+4
2
Therefore \/SC(J(Kn)) >n’-3n+4
2
Hence Vo (J(K,)= n’—3n+4
2

Where n=2, [K,]=C;, Vo(J(Cs)=1
Hence Vo (J(Ky)= 2>-32+4

2
Then Hence Vo (J(K,)) = n’~3n+4
2
Alsop-A(J(G)= n°+n - (2n-2) = n’n-4n+4
2 2

=n’-3n+4
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2
Therefore Vo (J(G)) = p - A (J(G))
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